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Abstract 
Beck, I. and S. Krogdahl, On log concave sequences, Discrete Mathematics 94 (1991) 141-145. 
It is shown how a log concave sequence generates a log super-modular function on the lattice 
being the direct product of two finite chains. The FKG inequality is applied to this function, 
and results in an inequality that is a 2-dimensional version of an inequality shown by Seymour 
and Welsh (1975). 
1. Introduction 
Log concave and convex sequences have clearly manifested their ubiquity in 
combinatorics. Weli-known examples are the binomial coefficients, the Gaussian 
coefficients, the Eulerian numbers and the Stirling numbers of both kinds. 
Seymour and Welsh [4] use the FKG inequality [3] to derive an inequality 
about log convex sequences that strongly extends the well-known inequality 
attributed to Chebyshev. Their Theorem 3.2 says the following. 
l’f (ak IO<kan} is log conuex and positive and {bi IO<i<n}, {Ci IOsisn} 
are both increasing or both decreasing sequences then 
2 ak 2 akbkck 2 2 akbk 2 a& 
k=O k=O k=O k=O 
(1) 
In this note we prove a 2-dimensional version of this result for log concave 
sequences. Our approach is also through the FKG inequality. It says the 
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following. 
if ~4 ; A-, IR: satisfies 
&MY) s P(X ” Y )P(X A Y) (2) 
for all x, y in the finite distributive lattice A, then for any increasing f, g : A+ IR 
we have 
Cf (aMa) c g(a)u(a) s c u(a) Cf (a)g(a)u(a) 
where the summation c is over a E A 
Seymour and Welsh [4] call a function p satisfying (2) log supermodular. These 
functions are of interest since they are available for the FKG inequality and 
several of its generalizations, ee e.g. Ahlswede and Daykin [l-2]. 
2. Log concave sequences 
A sequence of nonnegative real numbers aO, . . . ,a, is said to be log concave if 
fZi-1 9 ai+1 - <ai2fOPi=1,...,n-I*--. 
In this note a log concave sequence is assumed to consist of positive real 
numbers. Thii easily implies that if 0 < i S i + k Sj d n then ai l ai S ai+k l a+ 
Obviously, the following is also true. 
A consecutive subsequence of a log concave sequence is log concave. 
A log concave sequence read backwards also forms a log concave sequence. 
Two log concave sequences that are multiplied term by term form a new log 
concave sequence. 
Throughout this note A, denotes the lattice { ($ j) IO G i, j G n}, where 
(i, j)s(r,s) if isrand jas. 
Our main theorem shows how a log concave sequence generates a log 
super-modular function on A,,. 
Theorem 1. Let (ai 10 s i 6 n> be a log concave sequence. Let d : A,, 3 R be the 
function defined by ti(i, j) = (a, + l l 8 + aj) f (j - i + 1) when i ej, and put 
&(i, j) = Se( j, i) when i > j. Then the function d is log supermodular. 
roof. Since the lattice A, is the direct product of two chains, it suffices to show 
the inequality (2) for the points x = (i, j) and y = (i + 1, j + l), and moreover, by 
the symmetry of & we may restrict ourselves to the case that i G j. If i = j, the 
inequality (2) reduces to prove that the arithmetic mean of two positive real 
numbers is not less than the geometric mean. Assume that i <j. Since a 
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{ai} is log concave, we assume that i = 0 and consecutive subsequence of 
j = n - 1, and wish to prove 
aO+.. .+-a, a,f..=+a,_, -- 
n+l l n-l 
~a,+...+a~~.a,+=-.+a*_ 
n n 
Lett=a,+a2+..-+a,_ 1. Then (3) can be written: 
(3) 
(a,+t+a,).t,(aO+t).(t.ta,) 
n2-_ - n2 * 
Which reduces to (a,, + t)(a, + t) 3 n2a0a,, or: 
(a,+..=+a,_,).(a,+...+a~)~n2a~a, 
By the log concavity we know that aia,_i 2 aoa, (i = 0, 1, . . . ,n). Thus, the left 
hand side of the above inequality is greater than or equal to: 
aoa,(ao+. l l +a,_, l 4 1 1 --+ l . l +- a0 a n-1 
The inequality (3) now follows from the well-known inequality that says that if 
Xl,. . . ,x, are positive real numbers, then 
(x1+=-=+x,)- l+.-•+l)pn2 ( & %a 
This completes the proof of Theorem 1. Cl 
We state explicitly the main content of the preceeding theorem. 
Corollary 1. Let (a, IO d k d n> be log concaue, and assume 0 =G r G s s n. Then 
the following two inequalities are valid: 
ao+.. .+a, a,+...+a, ao+...+aS a,+...+a, 
. 2 . 
n+l S -r+l s+l n -r-I-l 
ao+.. .+a, a,+...+a,>ao+...+a, a,+...+a, 
s+l l n-r-I-1 - 
. 
r+l n -s+l (5) 
The announced 2-dimensional version of Theorem 3.2 [4] is obtained by 
applying the FKG inequality to the log supermodular function &. 
CoroHary 2. Let (ai IO 6 i s n) be log concave, and define ~4 as in Theorem 1. If 
f, g : A,, -+ R are increasing functions, then ’ 
C 4i, j)C d(i, j)f (4 j)g(i, j) 2 C .Mi, j)f (i, j)C 46 j)g(i, j) 
where the summation C is over (i, j) E A,,. 
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We conclude this paper with a generalization of Theorem 1. 
@OIO 3. Let (ai) and {bi} be log concave sequences for 0 s i s n. Define the 
function % : A, +B R by 
%(i, j) = 
aibj + l l l + ajbi 
- 
j-i+1 
when i sj, and let %(i, j) = %( j, i) for i > j. Then % is log supermodular. 
Proof. As in the proof of Theorem 1, it suffices to verify inequality (2) for the 
points x = (0, n - 1) and y = (1, n) with n > 1. 
Hence we have to show 
n2-1 
~ (aobn+ + l l l + a,_,bO)(aIb, + l l l + a,bl) 
n2 . 
We observe that the sequence sob,, alb,+ . . . ,a,b,-, is log concave. Hence 
inequality (4) in Corollary 1 implies 
(aOb, + l l l + a,,bO)(aIb,_I + l l l + a,,_lbI) 
n2-1 
, (aOb, + l l l + a,_lbl)(aIb,,_I + l l l + a,bo) 
I 
n2 
Since the left-hand side is identical in these two last inequalities, it 
prove the following lemma. 
suffices to 
Lemma. If ao, . . . ,a, and b,,, . . . , b, are log concave sequences, then the 
forrowing holds 
(aOb, + l l l + a,,_Ibl)(alb,_I -I- 9 l l + a,bO) 
3 (sob,+ + l l l + a,_IbO)(aIb, + l t l + a,b,) 
We substitute ci = b,_i, and the latter inequality can be written 
n-l n-l \ 
cc Q#j+l(CiCj+l - Ci+*Cj) b 0 i=O j=O 
The left-hand side equals 
i l r y (a$,+, -lli+laj)(CiCj+, -Ci+lCj) 
i Oj=O 
which is nonnegative because of the log concavity of the two sequences {ai} and 
(ci}. The proof of Corollary 3 is complete. 0 
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